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MICROWAVE  OPTICS  III:  "FOCAL-PLANE  PHASE  DISTRIBUTION 

AFTER  OFF-AXIS  REFLECTION  BY  A PARABOLOID,  including  the 
application  of  a technique  for  the  reversion  of 
double  series." 


This  report  is  divided  into  two  sections,.  In 
the  first  section,  ve  determine  the  normal 
rectilinear  congruence  generated  by  rays 
emanating  from  a point  source  near  the  focus 
of  and  reflected  by  a paraboloid  of  revolu- 
tion. In  the  second  and  major  section  ve 
obtain  the  relative  phase  of  the  radiation 
on  the  focal  plane  and  calculate  the  power 
series  expansion  of  this  "Relative  Phase 
Function"  to  the  third  order  in  focal-piane- 
Carteslan  coordinates. 


nmoDucnoa 


The  following  report  covers  a theoretical  phase  of  the  Antenna  Labors- 

2 

tories ' program  of  study  of  methods  of  producing  a esc  & pattern  with 
the  FPS-3  paraboloid  antenna.  The  related  Antenna  Laboratory  Memoranda  are: 

1.  Spencer,  Roy  C.:  "Phase  Errors  of  Reflector  with 

Point  Source  Feed,"  18  September  1951. 

2.  Sletten,  C.  J. : "Some  Proofs  and  Computations  for 

2 

Designing  esc  9 Patterns  with  a Cut  Para- 
boloid, ” (including  unpublished  notes  by 
F.  3.  Holt.)  November  1951  - Pencil  Memo. 

3.  Hiatt,  R«.  and  F.  Holt,  "Conference  on  AK/FPS-3  Antenna’’ 

16  November  1951. 

J*.  Spencer,  R.  C.:  "Summary  of  Conferences  on  Mlcrovave 

Reflector  Design  (29  Nov.  1951)"  - 30  November  1951. 

5.  Sletten,  C.  J. : ’’Pattern  Distortion  in  Parabolas 

Caused  by  Moving  the  Feed  Away  from  the  Focus, " 

4 December  1951. 
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introduction 

6.  Hiatt,  Ralph  E. : "A10(PS-7, " 1?  December  1951. 

7.  Hiatt,  Ralph  E.:  "AH/MPS-7, " 2 January  1952. 

8.  Sletten,  C.  J. : "Further  Analysis  of  Feed  Problem 

for  FPS-5  Antenna,"  2 January  1952. 

9.  Sletten,  C.  J. : "Further  Design  Suggestions  for 

Csc2£  FF3-3,"  24  January  1952. 

The  far  field  pattern  of  antenna  is  given  by  the  expression, 

g(u,v)  - Lx.y),  ***>*>  e 1(TO'y>  dxdy 

where  integration  is  carried  out  over  an  aperture  and  where, 

a(x,y)  .«.  amplitude  distribution 
$x,y)  .-.  phase  distribution 

g(u,v)  .».  electric  field  intensities  in  direction  (u,v) 
u,v  direction  cosines 

Departure  of  0(x,y)  from  a constant  is  known  as  phase  error. 

C.  J.  Sletten,  in  memorandum  Ho.  9,  cited  above,  developed  an  approximate 
series  expression  for  the  phase  distribution  ^(x,y)  in  the  aperture  plane. 
In  a joint  conference  between  the  Antenna  Laboratory  and  the  Parke  Mathe- 
matical Laboratories,  he  emphasized  the  desirability  of  carrying  out  the 
series  approximation  more  accurately.  This  suggestion  met  with  the  approval 
of  Dr.  Spencer  as  providing  a problem  of  general  importance  to  the  research 
program  of  the  laboratory  as  well  as  being  of  lneedlate  importance  in  con- 
nection with  the  FPS-5  study. 

This  report  may  be  considered  another  in  a series  of  reports  on  geo- 
metrical aspects  of  mlcrovave  optics.1  The  first  section  of  ths  report 

1)  Two  of  the  previous  reports  which  are  fundamental  are: 

NoG. Parke:  "Microwave  Optics  I:  Rectilinear  Congruences, " 

Report  FQ  50-5404,  November  5,  1949. 

N.G.  Parke:  "Microwave  Optica  II:  Electromagnetic  Aspects 

of  the  Focal  Region,"  Report  P0-5404,  February  20,  1950. 

Other  related  reports  have  been  prepared  under  contract  AF  19(122) -484. 


Pabjls  ^msiATicAi  Laboeatorhs,  Ikc 

COnCOBD,  MA8SACHU8XTTB 


IHTOODUCnON 


develops  sc  expression  for  the  distance  along  any  ray  from  the  point  source 
to  the  focal  plane  as  veil  as  an  expression  for  the  rectangular  coordinates 
of  the  intersection  of  this  ray  with  the  focal  plane. 

The  mathematical  difficulty  arises  fro*  the  fact  that  expressions  for 
the  phase  and  for  the  coordinates  of  intersection  are  parametric.  The 
parameters  are  polar  coordinates  to  points  on  the  paraboloid.  What  w? 
desire  Is  the  expression  for  the  phase  as  a function  of  the  coordinates  of 
intersection.  The  three  parametric  expressions  are  too  involved  for  a 
satisfactory  elimination  of  the  "paraboloidal -coordinates."  The  second  part 
of  the  report  treats  our  method  of  working  around  this  difficulty  to  obtain 
a double  series  expression  for  this  phase  function  in  terms  of  Cartesian 
coordinates  in  this  focal  plane.  The  method  is  of  general  applicability 
and  interesting  in  Itself.  We  carried  out  the  series  up  to  and  including 
third  order  terms. 
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THE  REFLECTOR  SURFACE  (REFERENCE  SURFACE) 


A.  THS  LET  IE  30  EQUATIOES  OF  TOE  C08QRUEBCE  OF  REFLECTED  RATS 

1.  Parametric  aquations  of  the  reflecting  surface . 

The  reflecting  surface  is  a paraboloid  of  revolution  with  the 

x'-axlt  as  tbs  axis  of  synmetry.  The  radius  of  the  paraboloid  at 
2 3 

the  (x  , x) -plane  will  be  2a,  where  a is  tbs  distance  from  the 
vertex  to  the  focus  of  the  paraboloid.  Further  we  will  take  j1  «*  0 
as  the  focal  point;  then  the  parametric  equations  are  given  by 


x\  • 

x »p  cos  0 
i?  «■  p sin  9 


(1) 


where  (x^~ ,p,0)  are  the  cylindrical  coordinates 

of  a point  on  the  paraboloid. 

The  equation  corresponding  to  parametric 

12  3 

equations  (1)  in  terns  of  x ,x  ,x,  for  the 
paraboloid  is 


Fig.l.  Para- 
metric represen- 
tation of  the 
Paraboloid 


X1  - Jj[(xf +(xf  Jt.'l  (1.) 

^ f 

2.  The  unit  vector  r in  the  direction  of  propagation  of  the  Incoming 
wave. 

The  incoming  rays  are  issuing  from  a point  source  located  in  the 
(x\x^) -plane  at  (e,d),  say.  Evidently  we  can  obtain  the  vector  froa 
(c,d)  to  the  paraboloid  as  the  difference  between  the  vector  from  the 
origin  (also  the  focus)  to  the  paraboloid  and  the  vector  from  the 
origin  to  the  point  (e,d),  that  is  (see  Figure  2) 
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TBS  RSTLECTm  SURFACE  (REFERENCE  SURFACE) 
r3  " rl  " r2  * £2) 

Slice 


# ■ 

ve  hare  « simple  way  to  obtain  r . 
So  that  with 

a (x^  ,pCQB0fp»ln0) 
r2  • (e,0,d). 


(4) 


Fig. 2.  Chit 
vector  in  the 
direction  of  the 
incoming  wave. 


ve  leave  from  (2),  (3)  and  (4) 

+*m  (x‘  -e.^coslyssinl-d) 

•fix'  ~e)x  ♦ (tcson’0''  {fain#  -2^«inMi-Hi1 

or  in  terms  of  ^ and  £ alone 

Vji.1 

( * — -e^cosfypsin^-d) 

f * O - • 

♦ p*-2^sin0d-fda 

12  3 

or  ir  terns  of  the  Cartesian  coordinates  x ,x  , x 

?•  - . 

V(xJ  -e)a  ♦(x1f  ♦ (x*-d)x 

- 12  3 

In  (b1)  x px  ,x  BU3L  satisfy  (la). 


(5) 


(6) 


(6*) 
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THE  REFLECTUG  SURFACE  (REFERENCE  SURFACE) 

3.  The  expression  for  a,  the  unit  vector  no  ml  to  the  (inside) 
reflecting  side  of  the  paraboloid. 

Evidently  a vector  in  the  correct  direction  would  be  (see 
Figure  3) 


[XfX,] ; where  Ir^fg]  the  vector 
product  of  r^  and  rg  in  the 
Cans  notation.  And 

x .■.  x^i, +x^ist+x^ls (x1,*2,*^). 

So  that 

n - -iiitL 

IC^II 

aust  be  the  unit  vector  required.  Then  since 

xP  - (^|,cos^,sin^ 

X^,  a (0,  -^sin^^cos^) 
a Bust  be  given  by 

1 2ai,  i,  i, 
a ■ ^ \ p cos*  sin£ 
i 0 -BlDl  COB  5* 

' Kv^ll 


Fig. 3.  The  unit 
vector  to  the 
inside  of  the 
paraboloid. 

(7) 


(2a,  -(iCOB0,  -pB\n$) 


(8) 
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THS  REFI£CTUIG  SURFACE  (REFERENCE  SURFACE) 

Hie  unit  vector  r"  in  the  direction  of  propagation  of  the 
reflected  ware. 

Using  the  standard  vector  expression  for  the  lav  of  reflection, 

vis. 


r"  » ?' -2(n*r')n  , 


(9) 


ve  have,  with  equations  (6)  end  (8) , 

- -e^coa^sin^-d) 

r"  ■ - — ; — : - — - 

2(  ^ g-* 2ae-ff+pdain0)  (2a,  -pcoe$,  -pslnd) 

(W+fl  "•)*’  ♦ P* ‘Zpdain^d2- 


(10) 


or,  performing  the  operations  and  simplifying. 


[{(? +4>*  f -kmc(p* -W*)  -l6aadfl8ln<?v3cos?(3pdain^»4ac) , 

aa 

(4a*y)  -«)a  ♦<Or-^dsin£»<iX 

flgin0(2pdsin0-4ae)  -d(f0*+4a3)  j 


With 


r"  - (^{p,*),  X2^,^),  X3^,*?)  ), 
where  the  X*  are  direction  cosines  of  the 
unit  vector  r"  in  the  direction  of  propa- 
gation of  the  reflected  wave. 
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THE  REFLSCTIBG  3QRFACS  (REFEKEflCK  SURFACE) 


we  here  the  direction  cosine*  of  the  line*  asking  up  the  congruence 


*y  <o  - <***? 


J*2/~  /*»s£(2df)sin£-*ae) 

<- 1 ¥‘e>  * ' — |fav*s~ 


(id 


vbere  3 ...  — e)i‘+p'‘ZpistaM.x  , 


and  with  the  reference  surface 


*M»  - ^ 


x {p,9)  •peon  9 

mp  »ln& 


(1) 


we  hare  defined  the  nonael  rectilinear  congruence  generated  by  the 
reflected  rays.  This  nay  now  be  used  to  determine  the  caustic 
(focal)  surface  and  other  properties  of  the  reflection. 
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n.  THE  FOCAL  PLAHE 

A.  TEE  PHASE  DI3TFIBU7I03  (RELATIVE  PHASE  FCBCTIOH)  OH  ITS  FOCAL  FLAKS 
The  task  which  we  will  require  of  the  congruence  defined  by  the 
equations  (11)  and  (1)  will  he  to  determine  the  trace  of  the  rays  on 
the  focal  plane  and  the  expression  for  the  relative  phase  on  the 
focal  plane  - the  relative  phase  function. 

1.  The  trace  of  the  intersection  of  rays  with  the  focal  plane. 

The  first  step  in  obtaining  the  trace  on  the  focal  plane  of 
the  reflected  rays  is  to  determine  t the  distance  along  a reflected 

ray  from  the  paraboloid  to  the  focal  plane.  If  we  wish  to  find  the 

12  5 

coordinates  y ,y  ,jr  of  points  a distance  t'  along  a reflected  ray  we 
obtain  them  as 

y1  - x^t'X1,  (i  « 1,2,3)  (12) 

where  x*  are  the  rectangular  coordinates  of  a point  on  the  paraboloid 
from  which  we  start  and  X1  are  the  direction  numbers  of  the  reflected 
ray  along  which  we  measure.  Thus  the  value  t*  ■ t for  which  we  will 
arrive  et  the  focal  plane  should  be  determined  by  setting  y1  » 0; 
that  is 

x'  /^-ka*  4e(4a*+P  )8,/l 

1 T ‘ -&e  ( pUa1)  -16a*/,  d*in  * * 

x * (15) 

where  3 .-.  -e)1 +pt-2pdsinAd1  . 

The  intersection  y*  of  the  rays  on  the  focal  plane  are  then 

y1  - x^tX1,  (i  - 2,3) 

■ y,  y*  ■ z,  for  convenience. 


or  letting  y* 


or  In  terse  of  x , writing  Xg  ■ x , x^  « x,  for  convenience 


2.  The  relative  phase  function  on  focal  plane 
The  relative  phase  A is  given  by 

a t • “here  c velocity  of  light 

f the  frequency 

Xp  the  phase 

k the  propagation  constant 
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THE  FOCAL  FLAKE 


end,  since  A is  just  the  distance  fro*  the  point  source  to  the  focal 
plane  along  a ray,  we  have 


A - t + j?5J  . 


And,  since  S*-  |?j|, 

A -3«  . (P--16»<)S* 


I p*+4a*J*  -4ae(  -lfca^pdsin  6 

« 

Simplifying  this  ve  get 


or  in  terns  of  x2,Xj 


(18) 


(19) 


a <m>  - »*  (») 


A(x,,x3)  - J(x,  -e)x  +x*+(Xj -dj*-  . (21) 

f8a*  (xj+x?+4a*)  -4ae(x|+x;-4a»)  -l6a»dx3  ] 
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THE  FOCAL  FLAKE 


B.  SBRXVATIOy  0?  T3|  POWER  SERIES  FOR  gB  RELATIVE  FgAgg  rtSCTIQS 

1.  Plan  of  attack. 

The  problem  of  expanding  A (y,z)  as  a power  series  in  y and  z, 
the  Carte  si  on  coordinates  on  the  focal  plane,  is  complicated  by  the 
difficulty  in  inverting  (l6)  to  get  and  x,  as  functions  of  y,  a. 

this  inversion  is  theoretically  possible  but  to  date  we  hare  had  no 
indication  of  a way  to  accomplish  it. 

Another  approach  whieh  is  perfectly  sound  and  possible  is  this. 
First  expend  y and  z as  a power  series  in  xg  and  x^ 


{ 


y - a.+a,  x2+s,  x5  +a*sx>anx1  x,  ^x> 
t - b.  +bx  xa+h,  x,  +biixt'fbuxix1  +h,^+ 


(22) 


Then  using  a predetermined  number  of  terms  revert  the  series,  that  la 
obtain  the  coefficients  of  the  series  for  x^  and  x^  in  terms  of  y and  z 


f 


x2  ® c,+cxyHJsz«1jr*-KHya^>1za+ 
*3  - f.  +fx3«-f,  x+tny*+TijJ+Tnz*+ 


(25) 


and  with  this  expansion  determine  the  coefficients  of  a series  in 
y,z  for  A(y,*). 

It  can  be  shown  that  the  series  for  A ty*z)  thus  determined  will 
be  correct  to  the  degree  that  (22)  and  (25)  are  expanded. 

Although  this  scheme  is  theoretically  sound  and  actually  possible, 
the  work  involved  is  algebralcly  tedious.  Our  actual  attack  is 
what  different  though  based  on  the  sane  principle. 
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THZ  FOCAL  FLAHS 


2.  Tbs  expansion  of  A , the  relative  phase  function,  in  a Taylor's 
series  symbolically. 

For  convenience  we  adopt  the  s\aaation  convention,  viz. 

ofjX1  .«.  X ^,x'>«1xa+of1r,>  (i  » 1,2,3) 

and  return  to  the  notation  y2  » y,  p ■ z and  x2  » x^,  P ■ Xy 

Then  the  power  series  expansion  of  A (**(/*)  ) » A(/*)  nay 

be  written 


A(y“)  - r+c ^ • (a*) 

roc,r3,7'-2>3) 

where  the  subscript  zero  will  denote  the  value  at  y2  - y2,  p » y^, 

the  point  in  the  focal  plane  about  which  the  expansion  is  node.  In 

2 3 

our  case  we  choose  the  point  for  which  x - x » 0,  at  which  A.  is 
analytic. 

Then 


^ A. 


(25) 


Thus  we  have 


0%  (y-yZHy‘-y!>+  j,  • (asj 


<^y\. 


(<*,#>  ?=2.3) 
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TBS  FOCAL  FLAKE 


or  without  \ums  of  the  ruawition  cony*"*!*?!* 


A<y.»)  - A+|^ry-y-)+|^^.)+x^ry.^ 

+ I?  t26®) 

+ 3!  ^2r  (r*'<T4’ 


hut 

(•) 

(*) 

(c) 


aA  aA 
ay-  a?"  ay* 

a*A  _ a*A 


a*;  a*j  aA_  aV 

it  ■ 


(27) 


«yyya  ax-ax3  ay-  aya  a*:  dy*ay' 

a*A  _ aVs  a>'  a«j  a*»  aM  f aV  <V . aV_ 
dfdyty*  dSasa**  ay*ay°V  iitiWV  ayayV 

f'/j,  *,*./?  ^*2,3) 


av_  J*i 


aA  aV 


a*!  ffdyty* 


which  Beane  that  ve  aunt  know  the  partial  derivative*  of  the  x1  with 
respect  to  the  y*  (i,oC»  2,5) . These  ve  cahoot  calculate  directly 
because  of  the  fora  of  the  expressions  for  the  y*,  as  mentioned  above. 
5.  The  partial  derivatives  of  and  with  respect  to  y and  z. 

As  we  saw  in  the  previous  paragraph  our  expansion  depends  on  the 
calculation  of  the  various  partial  derivatives  of  not  only  A but 
also  of  the  x*  with  respect  to  the  y*  (i,<X  - 2,5).  Taking  the  latter 
problem  first,  ve  have  by  definition 


where 


«r«  i,*«/3 

0 otherwise 


<to>  ° ' 57%.~  ^ + ^ “57^7 


(29) 


# % ^ <?»*  1 3*y"*  <)*' 

c)y Oy * ^x'dx'Wx*  <5y*  cty*'  cJyc^y*  cJyr 


av  _ a*i  

dyn£y*  dy*  dyn 


c9x‘  <j\  , c>y- 

dt' 


<9V 
~ar 


J/y  vrjy* 
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which  are  equations  linear  in  the  highest  derivative,  and  the  sole 
condition  on  their  solu  tion  is  that  the  Jacobian  does  not  vanish, 
which  is  satisfied  here.  Thus  we  have  systeaa  of  equations  which, 
when  solved  in  order,  are  linear  in  the  derivative  sought.  Written 
out  without  the  subscript,  notation  and  susaaatlon  convention  (where 
y2  “ » xiy"*§^r  * etc*}  options  (20)  become 


- y,  Vy»x*y 

- y,  **+y, 

“ *a  **♦*, 

- VV5^*  x*»+y*  x>>, 

- ,*V£+X*XV2'X'* 

- xv.*3i  x*« 


(29) 


(30) 
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ym  4,+^  ^v5y^»  x*> 

wy»  x,w 

Im^+5*mxJx^+3*wxa^+*„Jx^+?S1xlwxiy 

0^X^VV%)+5W^V2*V 

y».  ^J+3ywx^ys,s3if+5^xa,,x3, 

♦3y,»( *,„**+ VW  +3y„x,^ +y,  x^y,  x,ew? 

♦3  * JXWV  WJ  +5  S,X#«VX*  x^zs  x*«- 
+y,„<,v2(  y^^y.  vy«(  V WV  +y*»xvx^ 

♦VWy»(W %,**)  +y«%W  ^m+yJ  x*yr* 

♦‘m^V2^  VS> 
+t3.3^V-2[z"x^%+z^x^iS+xVV>z»xVS] 

+V:yTVZ^x^VXAyX=»)+^X»»yV^x^^ZJ  x>yr* 

y*~  <&*y«9  ( ^+2VSA)  ♦y«*(^V2vyc^ 

+> »,  </3/2f^s.vyy(%w^ +3WV*J 
+y«Xa„ Vy« ( X*-V  X*-V  +y/fX/«yy*  Wy»  Xj*«y 

+WxAv2v*V 

♦s*  ^iy 2[  x***,svJ  +v»,«jSi1 

♦Wfcy*Jxws«*^  ♦vwy  x,0/ 


Equations  (30)  should  be  8 equations  in  8 unknowns  and  equations  (31) 
should  be  l6  equations  in  16  unknowns;  the  symmetry  of  the  cross 
derivatives  eliminates  two  equations  in  (30)  and  8 equations  in  (31)  • 
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In  order  to  solve  equations  (29),  (50)  and  (51)  we  need  expressions 
for  the  partial®  of  y end  z with  respect  to  x 2 and  x^,  which  are  a 
direct  calculation  in  the  sense  that  we  can  differentiate  equations 
(16)  directly.  This  involves  the  successive  derivatives  of  a quotient 
and,  since  there  seems  to  be  no  table  of  such  a procedure  - elementary 
as  it  may  be  - ve  have  included  such  a table  of  derivatives  up  to  the 
fourth  order  as  an  appendix  to  this  report1  in  two  forma. 


1)  See  Appendix  a 


4.  The  partial  derivatives  of  y and  z with  respect  to  x?  and  Xy 
Writing  equation  (16)  as 


y - xxQ 
z - x3Q  ♦ R , 


where 


fx£+x£+4a*''  -2dx. 


[x*+Xj+4aB 


*ae(x*+x*' 


d(xl+2x^xt+xj  -l6a* ) 


lxj+x;. 


we  have  for  the  partial  derivatives  of  y and  z with  respect  to  x^  and 
x^  the  following  expressions: 
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y*. 

y*. 

y»« 

y iij 
^lU 

y«« 


■ 9 + 

-■< 

7 «*05, 


. iQ 

3x 


» X 


_£a. 


5i2l+x4^ 

" 2^r,+Xa^x3 


a*o  ...  3s© 

35*  +J£x^^ 


x3^pf 

1 dx: 


■i* 


'ut 


m 


in 


m 


. x-^S.+  ^ 

*<?X,  d*t 

■ Q+x^p-  + 

•Olt  dk, 

* *4§*  ‘iy 

msk*x4&*&k, 

■ *$♦*!§♦£?■ 

„ a*Q  3*0  . 3’R 
3^  +x»3?3*  ,♦  ^ja7, 

. 2 *x  ♦ a»g 

- 3 J £fi  **  _#'0  „ ^'p 


(55) 


(54) 
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In  order  to  evaluate  these  partial  derivatives  of  y and  z at 
(y0#2c),  we  need  the  evaluation  of  the  partial  derivatives  of  Q and 
R at  (y0,zQ).  Letting 


we  first  have,  for  the  values  of  H,  N ' and  D and  their  partial  deriva- 
tives with  respect  to  xg  and  x^  at  (yo,iQ),  the  following  expressions: 

N |^#  » (x‘+Xj+4a*-)(x*+x^+4a*'-2dx3  ) j^®  16a* 

N*  I,."  2x1(x^+x|1+4ai-2dx,  J+Sx^fx'+x^+i+a*)  0 

N#  |^#  ■ 2x}(x‘+xj+4a*-2dx,)+(2xj-2d)  (x‘+Xj+4ax)  |^-  -8a*d 
|^#  ® lSxJ^Xj+lSa^-^j  |#-®  lba*- 

L - 8xtxt  L,.-  0 (35) 

N„  I - 12x*+4x*-12dx  +lba*  I - 16a*" 

»wl,.  " 8x,-ltd  I,.,  -ltd 

♦8it. 4.- 0 

-WO 
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N*  |^-  d(x<+2j£j£+x«-l6a,|  - -l6e,ci 


K 

»; 

■i 

n;„ 

Nm 

N«, 


U. 

1.. 

1.. 

1.. .* 

L- 


i •# 

L 


l+dx*-*4dxxx£|^-  0 
4dx*+4dx,x‘|^»  0 
12dx*-t4dxH  - 0 

i j t# 

8dx*x*L.-  o 

12dx‘+4dxx|^-  0 


I,.- 


24dx, 


0 


8dxiL,.!'  0 
8dxa|..-  0 

24dx,  0 


(56) 


D |##«  (x*+x^+W  f -Uae(x^+Xj-J+ax ) -l6axdXj  |^  » l6a*  (a+e) 


D,.  \.0  ■ 4x*+4xix*+l6xlax-8aexi|^«  0 

D,  U.  - l«/-*4x*xJ+l6xJax-aaex,-l6axd  |„0. 
Dlx  |##-  12xx+4xx+loa*-8ae  »»9a(2a-e) 

D„  l#  • 8x*xi  L,.-  0 

B„  L “ 12x;+4x‘-n6a‘-8ae|M»  8a(2a-e) 

I..-  0 

*U  L.  - 8x,  I,.  - o 
D«*  I,.  - 8xz!,.-  0 

D,„  l,.“  24x,l,.“  0 


-loa^d 


(57) 


Using  these  expressions  in  the  table  of  derivatives  of  a quotient 
found  in  Appendix  A ve  obtain,  somewhat  laboriously,  that 
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Q. 


a 

a+e 


13s,  m 0 


" dS 


3e 

SSTS^F 


dX^X, 


- 0 


^Tq«  5ae(a+e)+2d*(a-e) 
" ^a+e)*  


R.  • -d- 

d R, 
<**=. 

^R. 

«?x, 

,x 

o^R« 


(a+e) 

0 

« 

d*- 

(a+e)A 

d^fsSrr 

0 


(58) 


«Jxfc^t, 

c*xx  2a(a+e)» 

a’R.  _ A 


«?x; 


d*(2a-e) 
~ " ax(a+e)* 


* 

a*R. 

C?  x\l 

«&—  - 0 

^x^xf 

«J'R»  3d*(2a-e)  (a-#*)  -6d4 

•?7f  “ aTai«T"  


With  the  above  values  for  3 and  R and  their  partial  derivatives 
at  x2  " x5  " °*  we  can  nov  obtain  the  value  of  y and  z and  their 
partial  derivatives  with  respect  to  x2  and  x^  at  x^  ■ x^  ■ 0,  which 


are 
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5c 


(59) 
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5.  The  value  of  the  partial  derivatives  of  x ^ and  with  respect  to 
y and  z at  (yQ,z0). 

With  the  values  for  the  partial  derivatives  of  y and  z with  respect 
to  Xg  and  x^  at  x^  - x^  - 0,  as  given  in  expressions  (39)  and  (40),  ve 
can  nov  simplify  equations  (29),  (X*)  and  (31)  and  obtain  the  deriva- 
tives of  x?  and  x^  with  respect  to  y and  z at  (yQ/z0)*  Taking  account 
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of  only  these  derivatives  of  y and  z with  respect  to  and  x^  which 

do  not  vanish  at  Xg  ■ xj  ■ equations  (29),  (50)  and  (31)  become 

(dropping  the  subscript  zero  with  it  understood  from  here  on  that 

all  derivatives  stand  for  their  values  at  (y  ,z  )) : 

wo*  o" 


l - y,*ly 

0 - 

1 “ zjxj» 

o - y**!* 


0 - yAxayy 

o - v;«,xJ>r 

0 - yixaM 

® “ Vji+z>xi« 

0 • y»v*+y*  x*y« 

l,0  - Z*X«y-  ; 


(41) 


(42) 


0 - x'xfK 

0 • **X*r,„ 

0 " y*X*«a 


0 - 
0 - 
c ® 
0 - 


wi*3w*.V2ix*... 

y»»  <v2y«S*  Vy«  v^*+y‘  x»»« 

liS  • 


(43) 


Solving  (4l),  (42)  and  (43)  in  terms  of  the  derivatives  of  y and  z 

with  respect  to  x„  and  x,  evaluated  at  (y  ,z  ) ve  have 
2 3 o o 
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*>,  - X!,  - 0 


H Z . 


X-  m X,  - X-  - 0 
zyy  3y» 


x,  - - 

'u  z7 


X - - &S- 

2y* 


*yy  *ayxl  ’ 


**<■«•  * ■ 3vf 
*>**  ■ • %%  t!%?  * 


X'm  " Sra  ■ *>yi»  “ X»w  ■ 0 


*»».  - - if-  ♦’ff' 

>*  ■ 

if  we  put  the  values  from  (59)  and  (40)  into  these  equations  we 
then  obtain  expressions  for  the  derivatives  above,  which,  although 
unnecessary  to  the  actual  calculation,  are  useful  as  a neans  of 
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checking  and  facilitating  the  calculation  of  the  partials  of  A with 
respect  to  y and  s.  Thus  ve  have  for  the  non -aero  partial  derivatives 


of  the  x1  with  respect  to  the  y * 
^ a+e 

s - — 


JV 


v 


d(a-e)  (a+ef 
*y*  " 2a*  (d‘-a”-ae) 

9e(a+ef  5d*  (2a-e)  (a-e)  (arf-ef- 

*m  • ■ -a?  + - — 

^Jefa+e)1  dx(a-e)  (a+e)4 

Ajr*a  * “ Sa^-rf^ae?"  ' ‘ 

d*(a-e)  (4a-3e)  (a+e)4  . d4  (a-e)  (a+e)3 

' + ar^a^ae?  * 


(47) 


_av 


lJyx 


a/ay- 


J **«  2&(d*  -a  -ae) 


(»t)x 

■ (diHrtzy 

d(2a-e)  (a+e)‘ 

2a»,(,di-^:,a4T 

d(4a-}c)  (a+e)4 
V-ae}*  — 


2d*  (a+e)’ 


Jyy« 


JeU+e)* 

^(d'^-a3-^)* 

d*(2a-eX4a-5e)  ( 

4a4Ta*-a,”aet 


d*(2a-e)  (a+e)4 

' 2a^d3-tn-£F  ' 

d4 (2a -e) (a+e)* 
-ae)*” 


a+e)4 


'in 


9e(a+e)‘  >d*(5a-2e)  (a+e)r  . 

“ ' Sat^-a1-^'  ' a*(dl-a*-ae')4  + 

6d4  (a+e)4 


5dx  (4a-Je)*(a+e)4 
4a*(d*-a*-ae)*  ” + 


6d4(4a-Je)  (a+e)T  12d*(a+e)4 
aa(d*.glae?  * a>(d 


(48) 
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6.  The  partial  derivatives  of  relative  phase  function  with  respect 
to  the  paraboloid  coordinates. 

The  next  step  in  obtaining  the  expansion  of  A in  & Taylor's 
series  about  (yQ,*0)  is  the  calculation  of  the  partial  derivatives 
of  A with  respect  to  y and  s,  evaluated  at  (yo,zQ).  Because  of 
the  fora  of  equation  (21)  this  is  not  directly  possible.  We  must 
therefore  do  the  calculation  via  equation  (27) , which  requires  the 
derivatives  of  A with  respect  to  xg  and  Xy  put  equation  (21) 
in  the  form 


A - 3'*  {5}  - SiT 

where  M * 8a1(x^4-xJ-»4a1)  -4ae(x*+x*-4a*')  -l6a*dx  a 
and  again 


(^5) 


' 4a 


D ■ (x^+x*+4ax)^ -4ae(x*ex*-4am) -l6a*-dxf . 


Then  if  we  write  A «-^A 

* axa 

A - 5 -k+T^''* 
A-5Ti*Vs 
or  A*  5 T*  ♦ *• s"2- 

1 3,  3jT  1 Tj  8;  1 T,S 


A,— 40-  , etc.  we  have 


(50) 


A _ -L  a,  9j  T A Tj  8,  1 T,  3;  1 TSfr 

/V'j"  ' S “pT  * ? + 2 ~3^  * 2 “ft-  ^-i8 


A^.  5 3,  S^T  . 1 MgL4g^at^3j,aki  . 1 T3,  Sjt+TWTS^ 

♦ * | ♦ | 2|g.  ♦ TjitS^  , 

(i,J,k  - 2,3)  . 
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#nd  we  need  to  evaluate  the  partial*  of  S and  T and  consequently  the 
partial*  of  M,  the  numerator  of  T - the  denominator,  D-  being  the  sane 
as  that  of  Q and  R In  equation  (3 2 ) ve  can  use  expressions  (37)  for  it. 
The  value  of  M and  its  partial  derivatives  with  respect  to  x^  and  x^ 
at  Xg  ■ Xj  ■ 0 are  then 


M 

L* 

l6a3 (2*+*) 

M. 

\.,.m 

l6a*x1-8aexl| 

1,.-  ° 

Ms 

1.,.* 

16a* x f -6aex} « 

M« 

I.,.* 

l6a*--8aej^- 

&a(2a-c) 

M„ 

U-m 

0 

L * 

l6a*'-6ae|ii!f« 

3a(2a-e) 

*'Ui  m 1 ‘}jt  " 


- -l6aM 


» 0 


(5D 


and  vith  these  values,  expressions  (57)  and  th.  table  of  derivatives 
of  a quotient  found  in  Appendix  A.  ve  have  for  the  value  of  T and  its 
partial  derivatives  . f.  xp  ■ «•  0 


T 

- 0 

d 

T, 

" W*y- 

T» 

" * kia 

T 

m 0 

T 

2d*-  2a -e 

lts 

a(a4-e)J  2a(a+e)*' 

T, 

■ 0 

. 2 a -e 

Ts»  1 

_a‘(a+e)* 

Tm  1 

- 0 

1 

6d*  3d(2a-e) 

a^a-fa)*  a*(a*e)* 

52) 
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and  the  value  of  S usd  Its  partial  derivatives  with  respect  to 
Xg  sod  x*  at  x2  * Xj  * 0 

S i^«  («w-e)a  •c-d* 

s,  |„  ■ - ga  ♦a.  J„.  o 

S,  |,.  - ^ *2(xfd)  |„.  -2d 


S=* 

s»l 

®s» 


Tjjr 


j . - £ +2|  - ^ 


U-*  0 

I _ e _|  a-e 

■ • ™ 4a*  a I ™ « 


(55) 


S... 

I,.- 

bx» 

55* 

| - 

u • 

U." 

^13X 

L- 

if* 

u.- 

s«a 

L- 

& 

u.- 

Using  (50)  and 

(55) 

and 

its  partial  derivatives  with  respect  to  x2  and  at  x2  - x^  » 0 and 
letting  s'/a|.#-  a, 
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d (!*■»&*■  -ae ) 

“Ta^l*T 

e d1 (2a-e) 

" 2aia-fe)*  s 


d*  ( 2a+e ) d*(2a-5e)  e 2d4 

(a-fe)s*  " 2a(a+e)*  8 " (a+e)s  a(a+e' 


d(2a+e)(a-e)  d(3a-2e)  d*  (2a-e)  d(2a-e) 

2a(a+e)s*  2a(a+e)‘ s " a*(a+e)*  s " a^(a-fe)  s 


d(2a-e) 


3d*(2a+c)  3d*  A 3d(2a»e)  (a-c)  ^ 3d(3a-2c) 

(a+e)  a*  " ( a+e)1  a*  2a(a4-e)s1  2a(a+e)*s 


3d(2a-e)  3d*(3a-2e)  6d* 

a*(a+e}8  " a^fa+e)*  8 a^a+e)4 


7.  The  value  of  the  partial  derivatives  of  relative  phase  function 

with  respect  to  the  focal  plane  coordinates. 

We  are  now  in  position  to  calculate  the  partial  derivatives 

of  A with  respect  to  y and  z,  which  are  the  ones  required  for  the 

expansion  of  A in  the  Taylor's  series  in  y and  z.  Writing  out 

o 

equations  (27)  without  the  summation  convention  and  with  y ■ y, 

5 2 3 ^ 

y ■ z,  x ■ x2  and  - x^  also  xly  ■ , etc. 
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A,  - A*  x2y  + A,  x,y 
A,  » Aa  x„  + A,  x,a 

Ayy  « A,,  x\f2  Aal  Xay  x^  ♦ A„  x‘+  A,  A,  x,y)f 
Ay*  - Aa  A„(x1(^fxJrxJJ+  A„  X^X,/  A*  X^+  A,  x,rJf 
An  - A„  JC^+2  A„  Anx^At  x1m+A3  x,m 
Aw - A«x!,  +3  Aa„  x^Xj+5  A w xay  X*  + A,„  xfy  +3  Aia 

♦3Aa,  (x^x^fx^x^+jA,,  xJyyXjy  ♦ Aa  xlyy  + A,  xSyyy 
Ayy.-  Aai,  (2x^xaa+x‘xla)+ A3J1  (^x3#  Xj +x‘xli)  (35) 

♦ Aw  X^x^  Am  (^x^x^xj*  A21(2xtygx3y^2x)fmxj*xgnx5j[ 

+%XJ+An  (2x»r.Vx%xA)+A»  x*ryA  A’  x»vy* 

A„;  - A^x^xa+  A^  (2xlaxtex^x^xjy)+  Am(2xSex#|x-fx^xJy) 

♦ A«.  xj,x^  Aaa(2xiraxJ/xaatxay)+  A„(2x2fi(xJ*2xhmxJa 

+XA**VX**S)+  A»^2x*r*xs/xs«*xiy>+  Aa  x^*  A3  X,My 

An."  Awj  V^Ajjj  Vji+5^inVl»^  ^isi  Au Xj^c^ 

♦3  ^1J  (x^,  VX»MXJ  ^«S,V  A*  x**»t  A,  x,,„  . 

Rewriting  these  equations  with  only  the  non -zero  terms  we  have 


J ly  ■ 

0 

A*  - 

A, 

*** 

Ayy  - 

A„ 

XV  A3 

XJyy 

Ay,  - 

0 

A»«  ■ 

A„ 

A, 

X»« 

Ayyy  ■ 

0 

Ayy.- 

A«» 

xJV2Aax^A„x^  A, 

AMy- 

0 

ab„- 

X?/3A„ 

X***V  A'X*«, 

x 


SyyM 


(53’) 
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Then  using  the  roliysc,  cos  parties  of  Xg  and  x^  with  reapect  to 
y and  z of  5 ©as  (4*s) , (4$)  and  (46)  we  have  for  the  non-zero 
derivatives  above 


Using  either  (55'),  (54),  (47)  and  (48)  or  (56),  (54),  (59)  »nd 
(40)  we  can  obtain  the  values  of  the  partial  derivatives  of  .A.  with 
respect  to  y and  z at  (yQ,zo)  as  the  following  expressions,  in  which 
s - </aee)x  -Ml*  and  A - (dx-a*-ae). 
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THE  FOC  AL  FLAKE 


0 

J§i^Jl[(l..-3e)(»«)J.d»][|  + a^r>  - {£  1 

4 3d(a-e)  (a+ef  fl  (2a*e} (a+e), , er3d(a-e)  (a+e)4  , 
l-  - J+  gt  1?7F  J 

♦52^1'  |i  ♦ ) . 

We  are  now  in  a position  to  perform  the  expansion  of  A (y,z) 
in  a Taylor's  series  in  y and  z about  ( YQ»Z0 ) « (0,-  y ) up  to  the 
terms  of  the  third  order. 


£*A  _ 

dVi 

~Szi 
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THE  FOCAL  PLANE 


8.  The  relative  phase  function  as  a power  series  in  terms  of  the 
focal  plane  coordinates. 

Writing  equation  (26)  without  the  susonation  convention  and  with 
y ■ y and  y ■ r we  have 


A(y.«)  - \*( p.(y-»+($£).(t-K>+ 

+ 2 (0_}'  + (§*).  {*£+  <36 


and  with  the  values  for  the  partial  derivatives  as  given  in  equation 
(57)  we  have 


Thin  series  is  being  verified  by  actual  computation.  The  results  will 
be  reported  separately. 
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APPENDIX  A 


DERIVATIVES  OF  A QUOTIETf] 


i_  /N\  5 /N\ 

wh*"  <5>i  " a?-  <E> 

/N»  N,  NDi 

fT  " "IF 


(Ny  _ _ gh^D;  |2Npr  NDt^  _ N;.  2N,  D;  ♦T3>>, 

(|),  ■ y.  . ^ ^ -ffiL  - gl  ■ -fc  ♦gg^L 

/Nv  = N*  ,NyD.-  *N;  Dii  |6N,  D^  gKD*  ( ^ND.  D.  _ ND». 

'|)'S  " I)  Dx  * j'F  +u  D*  D* 


Hv  5Nf  D;  +5N;  D«  ♦ND*  . ^ND,  D;  +H.  D ■ ^ND? 

“ fT  ‘ ~ — d^~ *° — P "°T?r 

$,  - J»  - «£■  -*&■ 

glttfPj  _ _ ND|  )2ND^Di 

Nji  NiDj  +2»,  Dj^2NqD.  ♦Nj  Di,+NDiij  UN,  Pi Dj  +2Nj  pf •»2ND;Dj 
" D " D5-  D® 

+4HP,  Dq  ^NDi  Pj 

■ 1 ■ * - Qwy  ■*■ 

(g>„  - 5*  - ^ -&jp-  *id%£  -24^-  +245i^2i  j£^ 

■i^r  ♦<2$  ♦s^i2*  ♦a'^-  - tS- 


Nki  UNflj  D.  +6n«  D;  +4n.  Da  ♦NDfti  . 12Ns  P^^Nj  D(  D;  +6MDj  Dk,+6nD* 

l + P “ “ 

24N,  Pf ^NEfOi,  .^..Nd! 

-‘Tjt- +24*T5ir- 
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DERIVATIVES  OP  A QUOTIENT 


<§>„  - I*-  4.2^1  -aSii^L  J^L  ♦aSi^S-  -a2^ 


.2$.  ♦eSi“Si_  -laSL^BL. 
-2llSi®LSi_  -^£ii  ,2i,y  - Sn^s. 

- 2gjiL  4-^-gySi.  +2*y« 

D tr 

. 2Hg  Df  -»8Hs  D;  D,  ♦2NijD?' *8l;  Dg  D,  +41,  D;  Dj,  +4N,  D;  Dj  +8Hj  D.  D.  -t^NDy  Dj 


+4NDtj  +2N  D ii  Di  +4ND;  Dijj  12N;  D,  Dj+12Nj  D*Dj  +6ND«  D*  +6NDuD*’ 

— njS 

+24ND ,j  D,  Dj  o 2l|mf  Dj 

(g),,  - p-  - -j5^  -5^  *651^-  -j5$L 

+i*®i2i  .isSigSL  -62j®L  .18™^- 

^.gpip-i-  +6fli.gft  ^6^i2iiL  -ifl«>.P>Bf 

Nj  Dw  NDrw/  ^ND,i.  Dj 

- is*® &-  *S^DfJ- 

_ Niiij  _ Ns  Dj  +5N kj  Dj  +5ljj  Dij  +5NjjDj)+5Nj  Dy  +NjDjj;  +NDftij 
D D*  ‘ 

t6N«D)  Dj  +6WijDt  »6N;  I>,  Dj  +12H;  Dj,  D;  +6Nj  DuDi  +2ND;i,  Dj  4-6nD^D;  ♦6HD,;  Dij 

D, 


18N,  Dt  Dj  ^N;  D*  -flSHD^Di  Dj  +l8HDii  Pf  Dj 

D4  D* 


